For a simplicial complex ∆ on {1, 2, . . . , n} we define enriched homology and cohomology modules. They are graded modules over k[x1, . . . , xn] whose ranks are equal to the dimensions of the reduced homology and cohomology groups.
Introduction
Given a simplicial complex ∆ on the set [n] = {1, 2, . . . , n} and a field k, one has its reduced homology groupsH i (∆; k) which depend only on the topological realization of ∆. However the combinatorial structure makes ∆ a richer object than its topological realization. In this paper we define enriched homology modules H i (∆; k) which are modules over the polynomial ring k[x 1 , . . . , x n ], which we denote by S. They have the property that the rank of H i (∆; k) as an S-module is equal to the dimension ofH i (∆; k) as a vector space over k, and hence may be considered as an enrichment of the reduced homology groups.
The enriched homology modules are defined as the homology modules of the cellular complex, see [4] , associated to ∆ by attaching the variable x i to the vertex i. Similarly we may define the enriched cohomology modules H i (∆; k) as the cohomology modules of the cocellular complex.
The classical criterion of Hochster for when a simplicial complex is Cohen-Macaulay, via the reduced homology of its links, translates in this setting to the criterion that the top enriched cohomology module H dim ∆ (∆; k) is the only non-vanishing cohomology module. We also give a criterion for when ∆ is Buchsbaum via its enriched cohomology modules.
When ∆ is Cohen-Macaulay we then proceed to put conditions on its top cohomology module and investigate what properties of the simplicial complex this corresponds to. We show that the top cohomology module can occur as an l − 1'th syzygy module in an S-free resolution if and only if ∆ is l-Cohen-Macaulay as defined by Baclawski [2] . This means that ∆ restricted to each subset R of [n] of cardinality n + 1 − l is a Cohen-Macaulay complex of the same dimension as ∆. An immediate corollary is that if ∆ is l-Cohen-Macaulay, the codimension r-skeleton of ∆ is l + r-Cohen-Macaulay. This is, in the simplicial case, a comprehensive generalization of Balinski's theorem that the 1-skeleton of a convex polytope of dimension d is d-connected.
For l-Cohen-Macaulay simplicial complexes. the dimension of ∆ is less or equal to n − l − 1 (unless ∆ is the n − l-skeleton of the simplex), and the girth of ∆, a suitable generalization of the well-known notion for graphs, is less or equal to n + 2 − l. We investigate l-Cohen-Macaulay simplicial complexes with one or more of these extremal values. In particular we make a conjecture concerning invariants of l-Cohen-Macaulay complexes of maximal girth, and prove the conjecture in the case where the dimension is also submaximal equal to n − l − 1.
Next we consider the case where the top cohomology module may be identified as an ideal in the polynomial ring S. We show that this happens exactly when ∆ is a Gorenstein* simplicial complex. More generally for Buchsbaum complexes of positive dimension, we show that the top cohomology module is an ideal if and only if the complex is a connected orientable manifold.
In the end we put strong vanishing conditions on the enriched homology and cohomology modules and investigate what kind of simplicial complexes this corresponds to. For an l-Cohen-Macaulay ∆ there is only one non-vanishing cohomology module. We require that there also be at most one non-vanishing homology module H i (∆; k) for i < dim ∆ (when l ≥ 2, H dim ∆ (∆; k) does not vanish), and that ∆ has maximal girth, which is n + 2 − l. In [11] we introduced the notion of ∆ being bi-Cohen-Macaulay, meaning that both ∆ and its Alexander dual are Cohen-Macaulay. We show that the above vanishing condition is equivalent to the condition that the restriction of ∆ to each subset R of [n] of cardinality n + 1 − l is bi-Cohen-Macaulay of the same dimension and frame dimension as ∆. (The frame dimension is by definition the dimension of the maximal complete skeleton of the simplex on [n], which is contained in ∆.) In this case the f -vector of ∆ is completely determined by l, n, the dimension and frame dimension of ∆, and we call ∆ an l-Cohen-Macaulay design.
As examples, 1-Cohen-Macaulay designs are exactly the bi-Cohen-Macaulay simplicial complexes. l-Cohen-Macaulay designs of submaximal dimension n − l − 1 are exactly the Alexander duals of Steiner systems S(n, k, l − 1) (where k is related to the frame dimension of ∆). 2-Cohen-Macaulay designs of dimension twice the frame dimension pluss one, are examplified by the boundaries of cyclic polytopes of even dimension.
The organization of the paper is as follows. In Section 1 we define the enriched homology and cohomology modules, and recall some basic facts on cellular complexes, Koszul duality and square free modules (as defined by Yanagawa [18] ). We translate the link criterion of Hochster for ∆ being Cohen-Macaulay, and the criterion of Schenzel for ∆ being Buchbaum, to the setting of cohomology modules. We also translate the restriction criterion of Hochster for ∆ being Cohen-Macaulay to the setting of homology modules.
In Section 2 we consider the top cohomology module of Cohen-Macaulay complexes, and consider when this can be an l − 1'th syzygy module in an S-free resolution. This happens when ∆ is l-Cohen-Macaulay. We also prove the generalization of Balinski's theorem. Furthermore we investigate l-Cohen-Macaulay complexes of (sub)maximal dimension and maximal girth.
In Section 3 we consider when the top cohomology module is an ideal in the polynomial ring. For Cohen-Macaulay complexes this happens when it is Gorenstein*. More generally, for Buchsbaum complexes this happens when it is an orientable manifold.
In Section 4 we put strong vanishing conditions on the homology and cohomology modules and investigate the notion of l-Cohen-Macaulay designs. Finally in Section 5 we give some problems and conjectures.
Note. This paper is to a large extent a complete rewriting of a previous paper, "Hierarchies of simplicial complexes via the BGG-correspondence". An element F in ∆ is called a face of ∆. If F has cardinality f , its dimension is f − 1. If d is the maximal cardinality of a face, the dimension of ∆ is d − 1. A face of maximal cardinality is called a facet. The maximum i such that all i-sets are in ∆ is denoted by c and we call c − 1 the frame dimension of ∆.
If R is a subset of [n] denote by ∆ R the restricted simplicial complex on R, i.e. consisting of the faces F contained in R. It will also be convenient to have the notation ∆ −R for the restriction to the complement [n]\R.
For S a subset of [n] the link of S, lk ∆ S, is the simplicial complex on [n]\S consisting of the subsets F of [n]\S such that S ∪ F is a face of ∆.
A convention we will often use is that if a set is denoted by an upper case letter, say R, then the lower case letter r will denote the cardinality of the set R.
1.2.
Enriched homology modules. Given a field k, one has the augmented oriented chain complexC(∆; k). The groupC i (∆; k) is the vector space ⊕kF with basis consisting of the faces of dimension i, and the differential defined by
where ∆ × ∆ ǫ −→ {−1, 0, 1} is a suitable incidence function (see [6] ). The homology groupsH i (∆; k) of this complex are the reduced homology groups of ∆ and depend only on the topological realization of ∆.
However the combinatorial structure makes the simplicial complex a richer structure than its topological realization. We define enriched homology modules of the simplicial complex as follows. Let S be the polynomial ring k[x 1 , . . . , x n ]. We get a complex L(∆; k) of free S-modules by letting L i (∆; k) be the free S-module ⊕SF with generators the faces of dimension i and differential F →
We define the enriched homology modules H i (∆; k) (or just H i (∆)) to be the homology modules of this complex. There are two sources of inspiration for this definition. First there is the theory of cellular complexes developed by Bayer, Peeva, and Sturmfels, [4] , [3] . The complex L(∆; k) is the cellular complex obtained by attaching the monomial consisting of the single variable x i to vertex i. Another approach comes from the Koszul duality between the symmetric algebra S and the exterior algebra E in n variables, and how this relates the module categories of these algebras, (see [9] and [11] for some recent articles). We explain this in some detail. This will also make the incidence function completely explicit.
Let V be the vector space on generators e 1 , . . . , e n and E = E(V ) = ⊕ n i=0 ∧ i V be the exterior algebra. We let W = V * be the dual vector space with dual basis x 1 , . . . , x n and identify the polynomial ring S as the symmetric algebra Sym(W ). We consider V to have degree −1 and W to have degree 1. For a graded module M over E or S we denote by M (n) the module shifted n steps to the left i.e. M (n) d = M n+d .
Any graded (left) E-module M gives rise to a complex of S-modules
Note that the degree of s ⊗ m is the sum of the degrees of s and m.
Given the simplicial complex ∆, we can form the exterior face ring k{∆}, which is the quotient of E by the monomial ideal J ∆ consisting of monomials e i 1 · · · e ir such that {i 1 , . . . , i r } is not a face of ∆. Let C ∆ be the graded dual vector space of the exterior face ring k{∆}. It is a module over the exterior face ring. As a vector space it has a basis consisting of monomials x i 1 · · · x ir where {i 1 , . . . , i r } range over the faces of ∆. Left multiplication with e 1 + e 2 + · · · + e n gives a differential d on C ∆ and the reduced homology of ∆ is given byH
The enriched homology of ∆ is given by
We denote L(C ∆ ) by L(∆; k) (or just L(∆)). Note that compared to L(∆; k) it is shifted one step to the left.
If b is a multidegree in N n , the support of b is the set of non-vanishing coordinates. The following explicitly describes the multigraded parts of the homology module. Lemma 1.1. For a multidegree b in N n , let R be its support. Then
Proof. This follows from the above description of L(∆) as a cellular complex and [4] .
In particular we shall considerH p (∆ R ) to have multidegree R. , see [16] or originally [13] , we see that the homology module H p (∆) corresponds to the p + 1'th linear strand in the resolution. Thus the collection of homology modules is equivalent to give the linear strands of the resolution of the Stanley-Reisner ring. Our approach gives another point of view to this and new questions are natural to ask.
1.3. Square free modules. The notion of square free S-module was introduced by Yanagawa [18] . A N n -graded S-module M is square free if M b
x i −→ M b+u i is an isomorphism for every b in N n with i in the support of b, and where u i is the i'th coordinate vector.
It follows from the description of L(∆) as a cellular complex, [4] , that the enriched homology modules are square free S-modules. Part a. and b. in the following Proposition are quotes and consequences of [18] , Lemma 2.2, Corollary 2.4, and Proposition 2.5.
a. The associated prime ideals are the (
b. For R maximal as above let P be the corresponding prime ideal. There is a natural map (M R has multidegree R)
Proof. c. A resolution of M is square free and must therefore have length ≤ n − r. The Auslander-Buchsbaum theorem gives depth M ≥ r.
Hence the kernel of d p+1 lies in degree ≥ p + 1. But p + 1 cannot occur because, say, the differential is multigraded, and so H p+1 (∆) lives in degree ≥ p + 2.
The following is the justification for the terminology enriched homology modules.
For a square free S-module M there is a notion of Alexander dual Smodule M * introduced by T. Römer in [14] .
By obvious extension this defines (M * ) b for all b in N n and all multiplications by variables.
Links and Alexander duals.
Lemma 1.6. For a vertex i, there is a short exact sequence
Proof. Straightforward from the definitions of these modules.
The Alexander dual ∆ * of ∆ is the simplicial complex on [n] consisting of the subsets F such that F c is not in ∆.
Proof. Straightforward from the definition.
The monomials x I in E(W ) such that I is a face of ∆ * lie in C ∆ * and the other x I map to (x I c ) ∨ in (C ∆ ) ∨ .
1.5.
Enriched cohomology modules. The reduced cohomology groups H p (∆; k) of the simplicial complex ∆ are the cohomology groups of the dualized complex
Hom k (C(∆; k), k). We define the enriched cohomology modules H p (∆; k) (or just H p (∆)) as the cohomology modules of the dualized complex
In terms of the Koszul duality correspondence this is given as follows. The reduced simplicial cohomology group is
denotes the complex shifted n steps to the right) except that the the latter is shifted one step to the right. The symmetric cohomology modules are
Proof. The sequence in (1) can be considered as a short exact sequence of complexes with differential left multiplication with e 1 + · · · + e n . Note that E(W ) becomes an acyclic complex. ThenH p (∆; k) which by (2) is
In particular a. holds for all p in non-zero multidegrees.
Proof. From Lemma 1.8 we get an exact sequence of complexes
When ∆ is not the simplex H n−1 (∆) vanishes, and so statement b. and the rest of a. follows.
The following describes the cohomology modules in greater detail.
Proof. If b = 0, H p (∆) b is 0 and so isH p−n (lk ∆ [n]) unless ∆ is the simplex and p = n − 1, in which case both are k. 
This gives by Corollary 1.11 the following criterion.
Proof. Since k is a field,H p (lk ∆ R) is isomorphic toH p (lk ∆ R) * . By Corollary 1.11 and Hochster's criterion (3) this translates exactly to the above statement.
This shows that the well-known link criterion for ∆ being Cohen-Macaulay is encoded quite compactly in the cohomology modules of ∆. 
This gives the following criterion.
Proof. When p < dim ∆ the criterion (4) says that H p (∆) b vanishes unless the support of b is the whole of [n]. But any square free module M with this property must be of the form S ⊗ k M [n] .
An alternative criterion for the Cohen-Macaulayness of ∆ is the following, [13, p.197 ],
This follows directly from Hochster's formula for the multigraded Tor's in the resolution of the Stanley-Reisner ring.
For a square free module M , the codimension of M is ≥ c iff M [n]\F is zero for all F of cardinality less than c. Hochster's criterion (5) is then equivalent to the following.
l-Cohen-Macaulay simplicial complexes
For Cohen-Macaulay simplicial complexes there is only one non-zero cohomology module H dim ∆ (∆). It is therefore natural to put various algebraic conditions on this module and investigate what properties this corresponds to for the simplicial complex. Proof. If ∆ is {∅} thenH p (∆ −R ) when p is −1 and r is 0. If d is 1, either H 0 (∆) is non-zero, or ∆ consists of a vertex x andH −1 (∆ −{x} ) is nonzero.
So assume d ≥ 2. Choose x such that lk ∆ {x} has dimension one less than ∆. By inductionH p−1 ((lk ∆ {x}) −R ) is nonzero for some R in the complement of {x} where p + r = d − 1.
The part of the long exact sequence for restrictions and links
shows that one of the outer homology groups is nonzero.
In [2] , K. Baclawski introduced the notion of l-Cohen-Macaulay simplicial complexes, which geometrically corresponds to higher connectivity. The simplicial complex ∆ is said to be l-Cohen-Macaulay (l-CM) if ∆ −R is Cohen-Macaulay of the same dimension as ∆, for all R of cardinality ≤ l − 1. For instance if ∆ is a graph, then ∆ is l-CM iff it is (vertex) l-connected.
The following shows that this property has nice descriptions in terms of the top cohomology module and also in terms of the homology modules, generalizing Propositions 1.13 and 1.17.
Theorem 2.2. The following are equivalent for a simplicial complex ∆. 1. ∆ is CM and H dim ∆ (∆) can occur as an l − 1'th syzygy module in an S-free resolution.
The codimension of H
Proof. Note that condition 2. is equivalent to
which gives (7).
2. ⇒ 3. First assume l is 2. We may assume ∆ is non-empty. Let us show that ∆ −{x} has the same dimension as ∆ for all vertices x. If ∆ −{x} has dimension d − 2, by Lemma 2.1,H p (∆ −{x}−R ) is nonzero for some p + r = d − 2. This contradicts the assumption (7) . Hence ∆ −{x} is CM of the same dimension as ∆ and so ∆ is 2-CM.
If l ≥ 3, then it must be 2-CM. Hence ∆ −{x} has the same dimension as ∆. The condition (7) then holds for ∆ −{x} with l replaced by l − 1 and by induction it is l − 1-CM of dimension d − 1. Therefore ∆ is l-CM. Now recall the following from [6] . Fact. For an S-module M of codimension r, Ext p S (M, ω S ) vanishes for p < r, it has codimension r if p = r, and codimension ≥ p for p ≥ r.
We now show the equivalence of 1. and 2. which is a purely algebraic fact using that for a CM ∆ :
(M, ω S ) and 2. follows from the above Fact.
2. ⇒ 1. If 2. holds with l equal to 1, it is a relatively standard exercise using the above Fact to show that L(∆) ∨ has only one non-zero cohomology module, which is H dim ∆ (∆). Alternatively this follows from Proposition 1.17 and Proposition 1.13.
If l ≥ 2, then H dim ∆ (∆) cannot have a torsion submodule T since running Ext S (−, ω S ) on the short exact sequence
and using Fact would imply (8) would have codimension ≤ p for some p ≥ 1.
For a module M denote Hom S (M, ω S ) by M ∨ . Since the top cohomology module now is torsion free, it injects
The cokernel Q of this will have Ext p S (Q, ω S ) of codimension ≥ p + l − 2 and by induction Q will be an l − 2'th syzygy module in a free resolution. So H dim ∆ (∆) is an l − 1'th syzygy module.
In the theory of polytopes, Balinski's theorem, [19] , says that the 1skeleton of a d-dimensional polytope is d-connected. Hibi and Terao, [12] , subsequently generalized this to simplicial homology spheres. The following is a rather comprehensive generalization of this for simplicial complexes.
Corollary 2.4. For an l-CM simplicial complex, its codimension r skeleton is l + r-CM
Proof. If ∆ ≤d−r is the codimension r skeleton, L(∆ ≤d−r ) ∨ is the truncation of L(∆) ∨ in cohomological degrees ≤ d−r and so the top cohomology module is an l + r − 1'th syzygy module.
Remark 2.5. If ∆ is l-CM, its codimension one skeleton will have girth ≤ d, since we delete the interiors of the facets. By Proposition 2.8 below, if ∆ is not the n − lskeleton, we have d ≤ n − l. Thus its codimension one skeleton, which is l + 1-Cohen-Macaulay, will not have maximal girth.
From [2] we mention the following two properties which produces new l-CM complexes. Proposition 2.6. a. If ∆ is an l-CM simplicial complex, then any link lk ∆ S is l-CM.
b. If ∆ 1 and ∆ 2 are l-CM simplicial complexes, their join ∆ 1 * ∆ 2 is l-CM.
Proof. If T is disjoint from S, then (lk ∆ S) −T is equal to lk ∆ −T S. This gives the first statement. The second statement is Theorem 2.3 in [2] . Example 2.7. Since l vertices is l-CM, it ∆ is l-CM, the l-point suspension of ∆ is l-CM.
Maximal girth and maximal dimension.
For a simplicial complex ∆ we define its girth to be the smallest degree in which the top homology module H dim ∆ (∆) is nonzero. Since homology modules are square free the girth is ≤ n provided the top homology module does not vanish. If it vanishes we define the girth to be n + 1.
If ∆ is a graph, this specializes to the notion of girth for graphs, the length of a cycle of minimal length. Proposition 2.8. Let a non-empty ∆ be l-CM a. Its girth ≤ n + 2 − l. b. The cardinality d of a facet is ≤ n − l, unless ∆ is the n − l-skeleton of the n − 1-simplex.
Proof. a. We want to show that H dim ∆ (∆ −R ) is non-zero for some R of cardinality l − 2. By restricting to ∆ ′ = ∆ −R for some R of cardinality l − 2, it will be sufficient to show this for 2-CM ∆ ′ . The 2-CM'ness implies vanishing ofH p (∆ ′ −R ) for p + r ≤ d − 1 and p ≤ d − 2. If alsoH dim ∆ (∆ ′ ) vanishes then ∆ ′ is empty by Lemma 2.1, which is against assumption. Hence the top homology of ∆ ′ does not vanish.
b. The restriction ∆ −R has the same dimension as ∆ for all R of cardinality l − 1. Hence d ≤ n + 1 − l. If d is n + 1 − l, each ∆ −R would be a simplex, since [n]\R has cardinality n + 1 − l. But then ∆ would be the n − l-skeleton of the simplex on [n].
The following characterizes those simplicial complexes attaining the maximal d. Actually the characterization is maybe more transparently given in terms of the Alexander dual ∆ * . Recall that a missing face F is a subset of [n] not in ∆. Also the frame dimension of ∆ * is denoted c * − 1.
Proposition 2.9. The following are equivalent for a simplicial complex ∆.
a. ∆ is l-CM with d equal to n − l. b. d is n − l and the cardinality of F ∪ G is ≥ n + 2 − l for any two distinct minimal missing faces. c. c * is l − 1 and any two distinct facets of ∆ * intersect in a subset of cardinality less than l − 1.
The girth of ∆ being maximal n + 2 − l corresponds to the cardinality of any minimal missing face being ≤ n−l, respectively every facet of ∆ * having cardinality ≥ l.
Proof. The equivalence of b. and c. is clear since F is a minimal missing face of ∆ iff the complement F c is a facet of ∆ * , and c * + d + 1 is n.
a. ⇒ b. Assume ∆ is l-CM with d equal to n − l. Let R be a subset of cardinality l − 1. Then ∆ ′ = ∆ −R is CM with d equal to n − l =: n ′ − 1. We must show that ∆ ′ has only one minimal missing face. But this is true, the only minimal missing face is the intersection of the missing faces of cardinality n ′ − 1.
Before proving the converse, note that if ∆ is a simplicial complex containing only one minimal missing face F , clearly F is non-empty. Letting x be in F , the restriction ∆ −{x} contains no minimal missing face and so is a simplex and therefore d is n − 1.
b. ⇒ a. Let d be n − l with l ≥ 1 and R have cardinality l − 1. Then ∆ ′ = ∆ −R contains at most one minimal missing face. Since d ′ ≤ n − l, by the above it contains exactly on minimal missing face F and the facets are exactly the n ′ − 1-set of [n]\R not containing F . Therefore ∆ ′ is CM of the same dimension as ∆, and so ∆ is l-CM with d equal to n − l.
To prove the last statement, note that any minimal missing face of ∆ has cardinality ≤ d + 1 which is n + 1 − l. That the girth of ∆ is maximal n + 2 − l means thatH dim ∆ (∆ −R ) which isH n−l−1 (∆ −R ) vanishes when R is of cardinality l − 1. But then [n]\R is not a minimal missing face and so all these have cardinality ≤ n − l.
Remark 2.10. When l is 2 we see that for the Alexander dual of a 2-CM simplicial complex ∆ with d submaximal equal to n − 2, the facets partition [n] into disjoint subsets. In general for l-CM ∆ with d equal to n − l, the facets of its Alexander dual are a collection of subsets F 1 , . . . , F m such that each l − 1-subset is contained in exactly one subset F i . The girth of ∆ is n + 2 − l if all the F i have cardinality ≥ l.
If ∆ is 3-CM and if d is 2, i.e. ∆ is a graph which is 3-connected, it is rather clear that if ∆ has a reasonably large number of vertices, then ∆ cannot have maximal girth n − 1. This suggests that for l-CM ∆ of maximal girth and n reasonably large, the dimension will not be to small. This would be a consequence of the following. This of course implies d ≥ l if ∆ is not the skeleton of some simplex of dimension ≤ 2l − 3.
We prove this conjecture in the case of submaximal d equal to n − l. In fact we prove something stronger. Proposition 2.12. Let ∆ be an l-CM simplicial complex of maximal girth with d equal to n − l. Then c ≥ l − 1 and for l ≥ 3 and n ≥ 3l − 4 we have the stronger bound c ≥ (n + 2 − l)/2.
Proof. Clearly the statement holds if l is 1 or 2. So we assume l ≥ 3 and consider the Alexander dual simplicial complex ∆ * . Let X be a facet of ∆ * of cardinality d * , which is ≥ l by Proposition 2.9, and let Y be the complement [n]\X. We shall count the number of pairs (A, B) where :
First given A fulfilling i. Since c * = l − 1, we may take any y in Y and A ∪ {y} will be a face. By Proposition 2.9, it may be extended to a face A ∪ {y, z}. Now z cannot be in X since any two facets of ∆ * intersect in cardinality ≤ l − 2. Hence z is in Y . This gives that the number of pairs (A, B) fulfilling i., ii., and iii. is greater or equal to (9) n
Now given B fulfilling ii. Consider the set of A's fulfilling i. and iii. If A 1 and A 2 are two distinct such, then the union of A 1 , A 2 and B is not a face, since it would intersect X in cardinality ≥ l − 1. Hence A 1 ∪ B and A 2 ∪ B are in distinct facets and so A 1 and A 2 intersect in cardinality ≤ l − 4. So for a given B the number of possible A's is less or equal to
Summing over the B's, the number of pairs (A, B) fulfilling i., ii., and iii. is less or equal to (11) n
This gives (9) less or equal to (11) which gives
Now let A be the complement of A in X, of cardinality d * − l + 2. For a given B any two distinct A 1 and A 2 intersect in cardinality ≤ d * − l. Thus the number of pairs (A, B) where (A, B) fulfills i., ii., and iii. is less or equal to (12) n
This gives (9) less or equal to (12) which gives
Putting d * = n − c − 1 this becomes c ≥ l − 1.
Gorenstein* complexes and orientable manifolds
Another natural question concerning the top cohomology module of CMcomplexes is when it can be identified as an ideal in S, or more intrinsically as a rank one torsion free module over S. The answer is that this happens exactly when ∆ is Gorenstein*. More generally we show that for Buchsbaum complexes it happens when it is an orientable manifold.
3.1. Gorenstein* complexes. Recall that ∆ is a Gorenstein simplicial complex iff the Stanley-Reisner ring k[∆] is a Gorenstein ring. If ∆ is also not a cone, it is called Gorenstein*. By a criterion of Hochster this latter is equivalent to ∆ being CM andH p (lk ∆ R) = k whenever p + r = dim ∆ and R is a face of ∆. Proof. Note that the top cohomology module H dim ∆ (∆) being torsion free means, by Theorem 2.2, that ∆ is 2-CM, and being of rank one, that
So we must show that ∆ is Gorenstein* iff it is 2-CM withH dim ∆ (∆) equal to k. This is well known, but we provide a short argument.
If ∆ is Gorenstein* its type is one, see [16, p.50] . Hence by Hochster's formula, [13] , for the Betti numbers of ∆ it follows that
Conversely, if ∆ is 2-CM andH dim ∆ (∆) is k, again by Hochster's formula it follows that the type is one and so ∆ is Gorenstein*. Now we identify the top cohomology module as an ideal. For any x in [n] there is, by Lemma 1.6, a long exact sequence
Thus if x is a vertex of ∆,H dim ∆ (∆ −{x} ) must vanish. Hence if T ⊆ [n] is the set of vertices contained in ∆, thenH dim ∆ (∆ R ) is k if T ⊆ R andH dim ∆ (∆ R ) vanishes otherwise. But then the top homology module
Composing with the inclusion
we get H dim ∆ (∆) identified as an ideal in S. Now (L(∆) ∨ ) d identifies as ⊕SF the sum over all F which are complements of facets of ∆. Since L(∆) ∨ is a multigraded resolution of H dim ∆ (∆), it follows that H dim ∆ (∆) identifies exactly as the Stanley-Reisner ideal of the Alexander dual of ∆. Remark 3.2. When ∆ is zero-dimensional, i.e. a set of vertices, ∆ is l-CM if ∆ consists of l or more vertices. Thus if ∆ is an l-CM simplicial complex any link lk ∆ S which is a non-empty point set will consist of l or more points. When l is equal to 2, Gorenstein* complexes are the 2-CM complexes where each such link consists of exactly two points. Hence the class of l-CM complexes such that the links which are non-empty point sets consist of exactly l points might be a reasonable generalization of Gorenstein* simplicial complexes. Proof. In the resolution of k[∆], in each linear strand the differential is given by maps, [13] ,
When ∆ is Gorenstein*, the resolution of k[∆] is self-dual and Hom S (−, ω S ) of (13) identifies as
Hence the natural mapsH Proof. Since ∆ is Buchsbaum, by Proposition 1.16 H dim ∆−1 (∆) is S(−n) h where h is the dimension ofH dim ∆−1 (∆). Dualizing L(∆) ∨ , standard arguments with exact sequences gives there is a an exact sequence
Suppose now H dim ∆ (∆) is torsion free. Then the first term also has codimension ≥ 2. Hence in multidegrees b with support of cardinality ≥ n − 1, φ is an isomorphism. Now let x be a vertex of ∆. There is a long exact sequence
By what just said, i is an injection. Therefore δ is an isomorphism, and 
the Buchsbaum hypothesis givesH dim ∆−s−i (lk ∆ , F ) zero for i ≥ 1. But this says that each proper link is Gorenstein*. Hence ∆ is an orientable manifold. It is connected since the top cohomology module is indecomposable.
Conversely, assume ∆ is a connected orientable manifold. Then H dim ∆ (∆) has rank the dimension ofH dim ∆ (∆) which is one. Now if H dim ∆ (∆) has torsion, some connecting map between non-zero groups
must vanish since the dual of such maps correspond to multiplication by a variable in this module. Since lk ∆ F is Gorenstein* when f ≥ 1, this can only happen when F is {∅}. So partition [n] into A ∪ B ∪ C, where A are the vertices not in ∆, B are the vertices for which the connecting map vanishes, and C the vertices where it does not vanish. Since (L(∆) ∨ ) d is generated in degree n − d (and d ≥ 2) C must be non-empty. If there is an edge {b, c} with b in B and c in C, the composition (where x is b or c)
must vanish when x is b and be non-zero when x is c. Impossible.
But then if B is non-empty, ∆ would have two components, contradicting the assumption. Hence H dim ∆ (∆) does not have torsion.
Vanishing of homology modules
Assume ∆ is not ∅ or the simplex on [n] . Recall that c is the maximum integer i such that all i-sets are in ∆. If T is a c + 1-set not in ∆, theñ H c−1 (∆ T ) is non-zero. Hence the homology module H c−1 (∆) is non-zero. The following, from [11] , describes when the other homology modules vanish. The Alexander dual of ∆ is Cohen-Macaulay iff ∆ is a forest. Hence ∆ is bi-Cohen-Macaulay iff it is a tree.
In [11] it was shown that the f -vector of a bi-Cohen-Macaulay simplicial complex only depends on the number of vertices n, its dimension, and its frame dimension.
l-Cohen-Macaulay designs.
Our objective is now to put strong vanishing conditions on the homology modules of l-CM simplicial complexes and investigate what kind of simplicial complexes we obtain this way. We define a simplicial complex to be an l-CM design iff i) ∆ −R is bi-CM of the same dimension and frame dimension as ∆ for all R of cardinality l − 1 and ii) ∆ is not the (n − p)-skeleton of the simplex for some p > l. Proof. Fist assume ∆ is an l-CM design. If d > c, thenH dim ∆ (∆ −R ) vanishes for R of cardinality l − 1. So H dim ∆ (∆) is zero in degrees ≤ n + 1 − l and the girth of ∆ is n + 2 − l. This is also true if d (and hence c) is n + 1 − l.
Since ∆ is l-CM,H i (∆ −R ) vanishes when i + r ≤ d + l − 3 and i ≤ d − 2. In particular when r ≤ l − 1 and i ≤ d − 2, this vanishes. When i is not equal to c − 1 and r ≥ l it will also vanish as we now explain. Let T be a subset of R of cardinality l − 1. ∆ −T is bi-CM of frame dimension c − 1, and so H i (∆ −T ) vanishes for i not equal to c − 1 (except for i = −1 when this homology module is k). Hence H i (∆) vanishes for i < dim ∆, except for i equal to c − 1 (and for i = −1 when this homology module is k).
Conversely, suppose ∆ is l-CM, has maximal girth n + 2 − l and at most one non-vanishing H i (∆) for i < dim ∆ (save the exception). If ∆ is a skeleton of the simplex, the condition of maximal girth clearly implies that ∆ is the n − l-skeleton.
Let R be a subset of [n] of cardinality l − 1. Then H i (∆) b is equal to H i (∆ −R ) b when b has support in [n]\R. Thus the girth of ∆ being maximal implies the vanishing of H dim ∆ (∆ −R ). Also the vanishing of H i (∆) for i < dim ∆ except when i is c − 1 (and i = −1 if this homology module is k), implies the same for ∆ −R . Hence ∆ −R is bi-CM of the same dimension and frame dimension as ∆.
Remark 4.5. In the definition of l-CM designs one cannot drop the condition that ∆ −R has the same frame dimension as ∆, in order for the above theorem to hold. Remark 4.6. A slight nuisance in the formulations of Theorems 4.1 and 4.4 is the exception statement. It may be avoided with the following approach. One can sheafify the complexes L(∆) to get a complex of coherent sheaves on the projective space P ñ
and consider the homology sheaves H p+1 (L(∆)) instead of the enriched homology modules H p (∆). Then H 0 (L(∆)) is zero when H −1 (∆) is k or 0, and non-zero otherwise, so one avoids the exception in the theorems.
As mentioned the f -vector of bi-CM simplicial complexes depend only on n, d, and c. This generalizes to l-CM designs.
Proposition 4.7. The f -vector of l-CM designs depends only on n, d, c, and l. If we denote the corresponding f -polynomial by f l (n, d, c; t), it is determined inductively by 1. f 0 (n, d, c; t) is given by (14) .
2. If f l−1 (n − 1, d, c; t) is i g i−1 t i then f l (n, d, c; t) = i ng i−1 n − i t i .
Proof. When l is 0, ∆ is bi-CM, so the statement about f 0 (n, d, c; t) is from [11] as already mentioned. Let f l (n, d, c; t) be i f i−1 t i . In an l-CM design consider the pairs (F, x) where F is of cardinality i and x is not in F . By restricting to each ∆ −{x} this can be counted as ng i−1 . By counting first the F 's in ∆, they can be counted as f i−1 (n − i).
Example 4.8. The Alexander duals of Steiner systems S(n, k, l − 1) are exactly the l-CM designs ∆ with d equal to the submaximal value n − l and c equal to n − k − 1.
By Remark 2.2, l-CM simplicial complexes ∆ with d equal to n − l correspond to Alexander duals ∆ * where the facets F 1 , . . . , F m are a set system such that any l − 1-set is contained in exactly one of them. We will show that all of them have cardinality k = n − c − 1.
So let R be a facet of ∆ * . ThenH −1 (lk ∆ * R) is nonzero, which gives H n−r+1−3 (∆ −R ) nonzero. Since ∆ is an l-CM design of maximal girth, H i (∆ −R ) can only be nonzero if i. i = d − 1 and r ≤ l − 2, ii. i = −1 and r = n, or iii. i = c − 1. The first is excluded since R is a facet, and the second also since r would be both n and n − 1. Hence n − r − 2 is c − 1 giving that each facet R has cardinality n − c − 1. But then the facets of ∆ * are exactly a Steiner system S(n, k, l − 1). 
Problems and conjectures
We pose the following problems. The case when l is equal to 1 is classical, see [16, II.3.3] . When l ≥ 2 this is likely to be a difficult problem since any answer also would include an answer to what the h-vectors of Gorenstein* simplicial complexes are. However, any conjecture about this would be highly interesting since it would contain as a subconjecture what the h-vectors of Gorenstein* simplicial complexes are. Some investigations into this problem is contained in [17] .
This problem might be more tractable if d is an extremal value.
Subproblem 2.
What are the possible f -vectors (or h-vectors) of l-CM simplicial complexes with d equal to n − l?
Problem 3. Construct l-Cohen-Macaulay designs for various parameters of n, d, c, and l.
As has been pointed out this has been done in a number of particular cases. When l is 1 we have the bi-Cohen-Macaulay simplicial complexes constructed in [11] . When l is 2 and d = 2c we have the cyclic polytopes.
For low values of l many Steiner systems S(n, k, l−1) have been constructed, which are Alexander duals of l-CM designs with d equal to n − l.
An examination of the literature on designs will most likely reveal numerous other cases.
We also recall the following from Section 2.
Conjecture 2.11. Let ∆ be an l-CM simplicial complex of maximal girth. Assume it is not the r-skeleton of the l + r − 1-simplex for some r. Then c ≥ l − 1.
